We consider the two dimensional Q− random-cluster Potts model on the torus and at the critical point. We study the probability for two points to be connected by a cluster for general values of Q ∈ [1, 4]. Using a Conformal Field Theory (CFT) approach, we provide the leading topological corrections to the plane limit of this probability. These corrections have universal nature and include, as a special case, the universality class of two-dimensional critical percolation. We compare our predictions to Monte Carlo measurements. Finally, we take Monte Carlo measurements of the torus energy one-point function that we compare to CFT computations.
Introduction
The critical point of a two-dimensional statistical model can be often characterised in terms of extended objects that, in the continuum limit, are described by conformal invariant fractal structures [1] . The study of these fractals provided new insights into the nature of critical phenomena paving the way to mathematically rigorous approaches [2] . On the one hand, many of the results found so far involve quantities related to two-point correlation functions of a Conformal Field Theory (CFT). The only exceptions concern observables that satisfy some differential equation and whose definition requires the existence of a boundary, such as crossing probabilities [3] or SLE interfaces [4] . On the other hand, the (bootstrap) solution of a CFT requires the knowledge of three-and fourpoint correlation functions. Besides some special cases [5, 6] , the only known bootstrap solutions known to describe statistical critical points are the minimal models. These CFTs have been successful in providing the behaviour of local observables of critical systems, such as the Ising spin correlation function, but they are too simple to capture the geometry of conformal fractals. The description of these fractals hints therefore at the existence of a CFT whose solution remains an open puzzle.
The random cluster Q−state Potts models [7] represent an ideal laboratory in this context. This is a one parameter family of models which includes as special cases the spanning forests (Q → 0) [8] , the (bond) percolation (Q = 1), the Ising (Q = 2) and the three-state Potts (Q = 3) spin models, as well as the permutation symmetric point of the Ashkin-Teller model (Q = 4). For 0 Q 4, the Q−state Potts model has a critical point at which the clusters percolate and have a conformal invariant measure. Natural observables are the cluster connectivities, given by the probability that a number of lattice points belong to the same or different clusters [9] [10] [11] . The conjecture of Delfino and Viti on the three-point connectivities [12] has been at the origin of a series of papers [13] [14] [15] [16] [17] [18] [19] [20] which unveiled important insights on the still unknown bootstrap solution.
In this paper we focus on the two-point connectivity on a torus. This study is motivated by two facts:
• In order to increase the number of samplings, Monte Carlo measurements are conveniently taken on doubly periodic lattices [19] : a precise knowledge of topological corrections is therefore needed to extract the scaling plane limit which is then compared to the CFT on the sphere predictions.
• The torus topological effects encode informations on the set of states and on the three-point functions, which are the basic ingredients to solve a CFT.
In Section 2 we review notions of CFT on a torus and provide the general formulas we will need. In Section 3 we define the lattice observables and we provide analytical results on their universal finite size behaviours. These results are then compared with the numerical results in Section 5, where details of the simulations are also discussed. The final conclusions are found in Section 6.
Conformal field theory on a torus 2.1 Virasoro algebra and its representation
Consider first a CFT on a plane z ∈ (C {∞}) [21] with T (z) andT (z) the holomorphic and anti-holomorphic component of the stress energy-tensor. The holomorphic stress-energy modes L The anti-holomorphic modesL
n are analogously defined and form a second Virasoro algebra V c , with the same central charge, that commutes with (2.1). A highest-weight representation of V c is labelled by the conformal dimension ∆: it contains the primary field V ∆ , L (z) n V ∆ = 0 for n > 0, and its descendants, obtained by acting with the negative modes on the primary state. Given a Young diagram Y = {n 1 , n 2 · · · }, with n i ∈ N, n i n i+1 , the fields
form a complete basis of the ∆ representation. The descendant V (Y ) ∆ has total dimension ∆ + |Y |, where |Y | = n i is called the level of the descendant. For general ∆, the number of independent descendants is therefore the number of partitions of |Y |. The inner product H ∆ (Y, Y ′ ) between descendants is defined as: 3) and is completely defined by the algebra (2.1). For certain values of ∆, see (2.9), the representations are degenerate: they contain a descendant field, usually called the null state, which has vanishing norm. For unitary CFTs, the null state is set to zero. Otherwise, one can have CFTs where null states are not vanishing, like for instance in [22] . For the sake of simplicity, we will continue to denote the descendant states as V
even when the presence of a vanishing null state makes their number smaller than the number of partitions. In this case, the notation Y is meant to label the independent non-vanishing descendants.
The spectrum S of a CFT is formed by the representations of V c ⊗ V c appearing in the theory and labelled by the holomorphic and anti-holomorphic dimensions ∆,∆. In order to simplify the formulas, we use the notations (
In these notations, a V c ⊗ V c primary field and its descendants are
The product of two primary fields (OPE) can be expanded in terms of the states appearing in the spectrum S [21] : 5) where the coefficients are factorised as:
One factor is the (model dependent) structure constant C
, the other factor is fixed by the algebra (2.1):
where:
Under the replacement ∆ i →∆ i , the above formulas define β
(z) too. The threepoint function (2.8 can be computed in an efficient way by the recursion formulas in [23] . In the study of the critical random Potts model, the following series of notations turns out to be very convenient. The conformal dimension can be parametrised as follows
A representation is degenerate if r, s ∈ N * , and has a null state at level rs. The symbols 
A set of these representations is denoted as
where X is a given set of pairs (r, s). A third set type is S quot X that contains the degenerate representations with vanishing null state.
Torus correlation functions
So far we have reviewed the properties of a CFT that do not depend on the topology of the surface. The theory of Virasoro algebra on general Riemann surfaces can be found in [24] . Let us consider now a CFT on a torus with periods ω 1 and ω 2 . In the numerical simulations one usually considers doubly periodic rectangular lattices of size M × N, where M, N ∈ R >0 . We therefore set:
14)
The results we will obtain can be of course generalized to the case Re τ = 0. In the following, we represent the torus as a finite cylinder of size N with the ends, at distance M = O(N), glued together. Accordingly, we use the map
sending the plane (z) to an infinite cylinder (w) of size N. We define a general field V C (∆,Y ) on the cylinder as:
are the conformal generators on the cylinder. In the above definition we found convenient to normalise the fields by a factor arising from their transformation under (2.15), see Appendix A. Henceforth, we will often omit the symbol C when the field on the cylinder is a primary, i.e. V 
where S int ∈ S is the set of representations that propagate along the M direction and whose fusion with themselves contains the representation (∆). It takes the form:
where
and
is the torus conformal block:
The torus partition function Z can be related to the identity one-point function, for which S int = S,
The computation of F ∆ int 0 (q) using recursion relations is discussed in [25] . The s− channel expansion of the torus two-point function V (∆) 1 (w)V (∆) 2 (0) τ is described by the diagram:
where S int contains the fields appearing in the fusion V (∆) 1 V (∆) 2 and S int 2 is the spectrum of the one-point torus function of the fields in S int . One can show, see Appendix A, that the two-point torus function can be expanded as:
Q−Potts random cluster model
Let us consider a rectangular lattice N × M with periodic boundary conditions in the two directions. The edges of the graph carry a bond with probability p, or no bond with probability 1 − p. According to these bonds, the lattice is split into a disjoint union of connected clusters. The random cluster Q-state Potts model [26] is defined by the partition function
At the critical value
2) the probability that there exists a percolating cluster jumps from 0 to 1, in the limit of infinite lattice size. The model becomes conformally invariant in the scaling limit, and has central charge c:
The scaling limit Z Q of the Potts partition function (3.1) at the critical point (3.2) was computed in [27] :
The corresponding total spectrum is:
The multiplicities associated to the above sectors have also been computed [27] and, for general Q, assume general real values. We refer the reader to [18] for a derivation of (3.5) from the representations of Temperley-Lieb type algebras. S
D,quot
(1,N * ) is the thermal sector [28] and contains the identity and the energy field:
The space of n−point cluster connectivities has been defined in [9] . Here we will focus only on the two-point connectivities:
p 12 = Probability(w 1 , w 2 are in the same cluster).
(3.6)
At the critical point (3.2) and in the plane limit N, M → ∞, the Coulomb gas approach [29] determines the scaling limit of the probability p 12 :
Plane scaling limit : p 12 = c 0 |w|
where c 0 is a non-universal constant, see Section 5. From the above equation one sees that, in the plane, the two-point connectivity is related to the plane two-point function of the
belonging to the magnetic sector S (0,Z+ 1 2 ) [30] . It is natural to assume that the relation between p 12 and the V (0, 1 2 ) two-point function holds on the torus, i.e.:
Torus scaling limit :
Let us mention that a rigorous proof of (3.2) has been obtained recently in [31] where the behaviour of the probability (3.6) in the sub-critical regime p < p c and on the torus was also studied.
Two-point Potts torus connectivity
According to Monte Carlo simulations (see Section 5) while (0,
) is the field in (3.5) with the smallest non-zero conformal dimension, the leading topological correction is given by the energy state (1, 2) D . The contribution from the second thermal operator (1, 3) D is also visible at Q ∼ 3. Based on these observations, we assume that
(1,N * ) . In particular we compute the contributions of the first three dominant channels:
The agreement between Monte Carlo and analytic results presented below confirms that this truncated spectrum (4.1) provides a good approximation to V (0,
Some arguments going in this direction come also from the analysis in [18, 20] where the spectrum of all independent four-point connectivities has been determined. In particular, it was shown that the asymptotic of the probability p 12 ∩ p 34 (related to P 0 + P 1 in [20] ), in the limit z 2 − z 1 → 0 and z 3 − z 2 >> 1, is dominated by the low lying states
In this limit one expects that p 12 ∩ p 34 ∼ p 12 p 34 + corrections, where the corrections are produced by the configurations which correlate the p 12 and p 13 probabilities and which are associated to the state (2, 0) [20] . In the limit:
using the expression for the two-point function (2.20) with the internal spectrum (4.1) we obtain the following N −1 expansion
where we set β
. Note that descendants of the type L C −1 L C −Y V X are total derivatives and their torus one-point functions vanish. The main message here is that the leading topological correction for the two-point connectivity is given, for 1 Q 4 by the energy (1, 2) D state. Given two-points w 1 , w 2 on a torus (2.14) and at distance r = |w 1 − w 2 |, the scaling limit of the probability (3.6) is:
where c 0 is a non-universal constant evaluated in Table (5. 3), and C
is given in (4.14). At the critical percolation Q = 1 point, we have:
The formula (4.4) represents, at the best of our knowledge, a new analytic result on the universal properties of general Q random Potts critical clusters and, in particular, of the critical percolation clusters (4.5). The derivation of (4.4) and (4.5), of the next r N subleading topological terms and of the systematic computation of the q expansion, are given below.
Identity channel contributions
The leading contribution to (4.3) comes from the identity. In particular we have:
The dominant term corresponds to the plane limit while the sub-leading factors c T and cT :
are proportional to the stress energy one-point function, with 
Energy channel contributions
Besides the identity, the energy V |w| N
),(0,
We can compute the one-point function V (1,2) D τ by using the vanishing of the (1, 2) D null state, which determines the OPE [21] :
) is the only representation which satisfies both the above OPE and
) . )} in (2.17). This property was pointed out in [32] where the energy one-point function for minimal models was computed in terms of a Coulomb gas integral. Collecting all these facts, we obtain:
where the factor Q − 1 comes from the multiplicity of the S (0,Z+ 1 2 ) sector computed in [27] and the structure constant is given by:
The next energy contributions come from the descendants L
and setting the null vector to zero 18) which explains why the sub-leading corrections in (4.9a) are found in the fourth level descendants of the energy (the third level descendant is a total derivative). Using the expression of the one-point function (4.13) in (4.9a) with r = |w|, one obtains our result (4.4). At the critical percolation point Q = 1, the bond probabilities, associated to the energy field (see next section), are independent. The CFT energy one-point function (4.13), which actually probes the fluctuation induced corrections to the bulk constant value, vanishes at Q = 1. On the other hand, the vanishing of the one-point function is exactly cancelled by the divergence in the structure constant (4.14), thus providing a non-zero contribution to lim Q→1 C
The result is given in (4.5). When M = N, we have seen that we have a N −2 contribution of the energy tensor to the topological corrections. Even if this term is sub-leading in the parameter r N , r = |w|, in finite size simulations it can interfere or even be dominant with respect to the energy contribution. In Fig. 4.2 we plot as function of Q, and for different ratios where:
),(0, 
does not fix the representations contributing to its one-point function, since the fusion
is allowed for all r, s. This can be seen also from the fact that the structure constant C
is different from zero for any ∆ and c [21] . Parametrising ∆ as in (2.9), one has, for three diagonal (spinless) fields [33] :
The above value of the structure constant can be derived either from the vanishing of the third level null state of (1, 3) D or from a Coulomb gas integral, as the three vertex fields satisfy the charge neutrality condition. One can expect on solid grounds that C (1,0),(1,0) has been checked to correspond to the scaling limit of certain lattice transfer matrix amplitudes. In the case of two non-diagonal fields, s),(r,s) has been shown in [15, 34] to be given by C
One can expect that all the states X in the Potts spectrum (3.5), such that C (1,3) D X,X = 0 contribute to V (1,3) D τ . However, one has to pay special attention, in particular when using truncations in the s−channel spectrum: there can be highly non-trivial cancellations between states. This is known to be the case when the central charge takes rational values, and a finite number of states in the spectrum closes under OPE (see Section 5 of [35] and references therein). We obtain:
2 )
where · · · indicates next sub-leading contributions. In the above formula, the Q dependent prefactors come again from the multiplicity of the states propagating in the torus. In the following figure, the value c In the above figure we tagged the values of Q at which Monte Carlo data have been taken. At Q = 3, only three channels (S int = {(0,
so we expect that, for Q ∼ 3, {(0, ), (1, 2) D } produce the main contributions, while all others are suppressed by some power of Q − 3.
Monte Carlo simulation and CFT comparisons 5.1 General results for the two-point correlation functions
We collected data on square lattices of size N × N with periodic boundary conditions on both directions, thus having the topology of a torus (2.14) with M = N. We considered various linear sizes N up to N = 8192. The probability (3.6) is computed by considering the lattice points (x, y) and (x+ r, y) or (x, y) and (x, y + r) and next averaging over x and y. We took data for Q = 1 + n/4 for n = 1, · · · 9 and Q = 2 + 2 cos
For each value of Q, we averaged over 10 6 independent samples generated with the Chayes-Machta Algorithm [36, 37] . This algorithm is a generalisation of the Swendsen-Wang algorithm for non integer values of Q.
In Fig. 5.1 , we present the rescaled correlation function r 2∆ p 12 (r) as a function of r for various values of Q as shown in the caption. While we observe a plateau for a value ≃ 0.7, we also see that there exist strong deviations for large r. This is due to the fact that we work on a torus, thus we expect topological corrections which have a maximum at r = N 2
. We also need to take into account the small size corrections which, as can be observed in Fig fit for the rescaled function r 2∆ p 12 (r) is given by :
The above form of fit is factorised into three factors. The first factor c 0 is the non-universal normalisation of the lattice two-point functions. The second part, with parameters c j , (j 1) encodes the torus corrections: d j and c j are the universal quantities to be compared respectively to the dimensions and the factors computed in the previous sections using CFT, see (4.4) . The third factor takes into account the small size corrections. In the case of the Ising model, an exact computation shows that this correction is described by this form with g 2 = 2 and a small coefficient g 1 = 1 64 [38] . A first numerical result is that the dominant topological correction is of the form r N 2∆ (1,2) , i.e. d 1 ∼ 2∆ (1,2) . In Fig. 5.2 , we show the behaviour of r 2∆ p 12 (r) − c 0 with c 0 the constant part corresponding to the value of the plateau and this for various values of Q = 1, · · · 3 as shown in the caption and for N = 8192. We observe that the correction is a power of r. We do a fit in the range r ∈ [50 − 200] obtaining the powers d 1 = {1.251, 1.115, 0.997, 0.898, 0.793} for Q ∈ [1, 3] , which are very close to the corresponding set of values of 2∆ (1,2) = {1.25, 1.1776, 1, 0.8982, 0.8}. The best fit is also shown in Fig. 5.2 as thin lines. Note that these fits agree with the numerical data also for much larger distances, r > 200. In the case of Q = 2, the exact result for the two-point function [27] is :
This explains that the leading correction alone gives already a very good fit as shown in In Tab. 5.3, we give the numerical results for c 0 and c 1 obtained with a fit while keeping only the leading topological correction and fixing d 1 = 2∆ (1, 2) . The fit is done with numerical data r ∈ [6, 2048] . With this range of data, we obtain a good fit (measured with the goodness of fit) for each value of Q. The numerical errors on c 0 and c 1 are indicated in the table either in parenthesis or smaller than one last digit. These fits also take into account small distance corrections. We obtained g 1 ≃ 0.02 and g 2 ≃ 2 for not too large values of Q. Further details on these fits are found in [20] . In Table 5 For large values of Q, we expect that larger corrections have to be taken into account. In order to check the presence of larger corrections we can simply attempt a fit to the form (5.1) while adding a second correction c 2 (r/L) d 2 . We will come back to this point later.
Link with one-point correlation function
We compare now the value of c 1 and the theoretical prediction c (1, 2) in (4.10) to the torus one-point function of the lattice energy field ε latt τ . The lattice energy field can be written in terms of the fields in the thermal series S
D,quot
(1,N * ) , see Section (3), giving:
where e 0 is the usual bulk energy density, associated to the identity V (1,1) D field, and the sub-leading term e 1 is related to the energy V (1,2) D field:
In the above formula, N ε is the normalisation relating the lattice to the scaling energy field and is computed by determining the energy-energy correlation ε latt (x)ε latt (0) τ , in a similar way as we evaluate c 0 for the connectivity function. In practice, we define the energy operator ε latt (x) as the probability that it contains a FK bond. For a given cluster configuration, b o (x) is the probability that the site x = (x 1 , x 2 ) is in the same FK cluster as the site (x 1 + 1, x 2 ) and b v (x) is the probability that the site x is in the same FK cluster as the site (x 1 , x 2 + 1). Then the energy operator is defined as
This subtraction corresponds to imposing e 0 = 0 in (5.3). e 1 is obtained by measuring ε latt τ and fitting to the form (5.3). The constant N ε is fixed by measuring the twopoint energy operator. The measurement for the one-point correlation function have been done on small lattices, up to N = 256 for the computation of e 1 and with 100 million samples for each size. We need to use many samples (and then not too big lattices), since 2∆ (1, 2) = O(1) and then the deviation from the infinite size is very small. The same is also true for N ε : it is determined from the two-point energy function which decreases very quickly as a function of the distance. The fits were done for distances r = 8 − 30 where we ignored small size and topological corrections. As a comparison, the measurements for c 1 from the two-point correlation function have been done on very large lattices, N = 8192. In Fig. 5.4 , we compare the result C ),(0, N ε e 1 vs Q compared to the numerical values c 1 shown as red circles and the analytical predictions c (1, 2) shown as blue circles.
numerically (shown as red circles) and with c (1,2) of (4.10) (shown as blue circles). The agreement between the two measured quantities and the analytical result is very good.
In the limit Q → 1, we observe that C N ε e 1 converges to the measured value c 1 and c (1, 2) . Indeed, we can check numerically that, for Q ≃ 1, one has e 1 ≃ 0.25 (Q − 1) while N ǫ ≃ 5.0 (Q − 1) −0.5 .
Further corrections
We want to check numerically the existence of further topological corrections. Thus we will compare our numerical data to a fit of the form
where we assume the value d 1 = 2∆ (1, 2) and we take for c 1 = c (1, 2) , see (4.10) . Even so, it is a difficult task since we are left with five parameters. One could try to ignore the small distance corrections by considering only data at large distances, say r > r min = 50. This is what we have done for determining the power corresponding to the dominant correction.
We consider a fit in the range r min r r max , with r min = 50 and r max = 4096. For the second correction, the fit gives a much less clear image. We observe that the second correction is much larger than d 1 = 2∆ (1, 2) and its value decreases with Q. We measure Note that we expect that there exist corrections of order 4 from the descendants of the identity, see Section 4.1 and of order 2∆ (1,2) + 4 from the energy descendants, see Section 4.2. In our fit to the form eq.(5.6), the dimension d 2 is an effective dimension which takes into account the next correction mixed with highest dimensions. Thus obtaining d 2 < 4 means that new corrections with a dimension d 2 , or even a smaller value, is at play. A natural candidate is then the term corresponding to the (1, 3) D channel. Using this fit, we found an effective dimension 3.6 for d 2 for the Q = 3 state Potts model. Since the CFT is known at this particular value of Q, see Section4.3, we can improve by trying a fit to the form 
Conclusions
In this paper we considered the two-point connectivity p 12 (3.6) of the critical Q− random cluster Potts model (3.1) on a torus of parameters (2.14). We focused on the universal corrections to the plane scaling limit of p 12 originating from the torus topology for general values of Q ∈ [1, 4] . Combining CFT techniques with Monte Carlo insights, which suggested the ansatz (4.1), we have computed analytically the first dominant corrections to p 12 in the limit (4.2). The theoretical results on p 12 , summarised in (4.4), found a very good agreement with Monte Carlo measurements, as shown in Fig. 5.2 and in Table  5. 3. Moreover, we tested the CFT one-point torus energy function (4.13) against Monte Carlo measurements of the corresponding lattice observable, obtaining again a very good agreement, as shown in Fig.(5.4) .
Our theoretical results probe non trivial features of the CFT describing the Q−state random Potts model, such as the multiplicities of the spectrum (3.5) or the validity of the three-point functions (4.14) and (4.22) for general values of the central charge. The topological corrections furnish a subtle characterisation of the Potts random clusters which goes beyond the computation of their fractal dimension. As a special case, we obtained the result (4.5) that represents a new universal behaviour of critical percolation. The study of the torus two-point connectivity represents, together with the plane three-point connectivity [39] , a natural and powerful method to test various conjectures related to critical percolation.
A The s− channel expansion of the torus two-point function
The Virasoro generators are the modes of the stress-energy tensor. On the plane z ∈ C {∞}, they are defined as:
Under a conformal map z ′ = f (z), a primary operator transforms:
while the transformation of the Virasoro generators takes the form [24] 1 :
where {f, y} is the Schwarzian derivative. To compute torus correlation functions, one needs to know the transformation of (A.1) under the map (2.15). For finite w, one obtains for instance: 
0 )V (∆) vanishes, as can be seen from the vanishing of the matrix elements (2.8):
For the two-point function one obtains using (2.15):
C,(∞) 0 V (∆ 1 ) (w 1 ,w 1 )V (∆ 2 ) (w 2 ,w 2 ) (A.7)
Using (A.2) under the map (2.15) 2 and the OPE (2.5), we find: We assume that such cancellations occur at every order in w 12 . Using the notation (2.16), we can finally arrive at equation (2.20) . Notice that the coefficients a 
